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Abstract. In this paper we study the curved geometry of noncommutative 
4-tori Tj. We use a Weyl conformal factor to perturb the standard volume 
form and obtain the Laplacian that encodes the local geometric information. 
We use Connes' pseudodifferential calculus to explicitly compute the terms in 
the small time heat kernel expansion of the perturbed Laplacian which corre- 
spond to the volume and scalar curvature of Tg. We establish the analogue of 
Weyl's law, define a noncommutative residue, prove the analogue of Connes' 
trace theorem, and find explicit formulas for the local functions that describe 
the scalar curvature of TS. We also study the analogue of the Einstein-Hilbert 
action for these spaces and show that metrics with constant scalar curvature 
are critical for this action. 
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1. Introduction 

Spectral geometry has played an important role in the development of metric 
aspects of noncommutative geometry [6l El QUI E] • After the seminal paper [12] , 
in which the analogue of the Gauss-Bonnet theorem is proved for noncommutative 
two tori Tg, there has been much progress in understanding the local differential 
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geometry of these noncommutative spaces [T3l QTJ [HI [15]. In these works, the 
fiat geometry of Tg which was studied in [5] is conformally perturbed by means 
of a Weyl factor given by a positive invertible element in C°°(Tg) (see also [J] 
for a preliminary version). Connes' pseudodifferential calculus developed in [3] 
for C* -dynamical systems is employed crucially to apply heat kernel techniques to 
geometric operators on Tg to derive small time heat kernel expansions that encode 
local geometric information such as scalar curvature. A purely noncommutative 
feature is the appearance of the modular automorphism of the state implementing 
the conformal perturbation of the metric in the computations and in the final 
formula for the curvature [TTJ [T3] . 

In this paper we study the curved geometry of noncommutative 4-tori Tg. We 
view these spaces as noncommutative abelian varieties equipped with a complex 
structure given by the simplest possible period matrix. We use a Weyl conformal 
factor to perturb the standard volume form and obtain the Laplacian that encodes 
the local geometric information. We use Connes' pseudodifferential calculus to ex- 
plicitly compute the terms in the small time heat kernel expansion of the perturbed 
Laplacian which correspond to the volume and scalar curvature of Tg. We establish 
the analogue of Weyl's law, define a noncommutative residue, prove the analogue 
of Connes' trace theorem [7], and find explicit formulas for the local functions that 
describe the scalar curvature of T|. We also study the analogue of the Einstcin- 
Hilbert action for these spaces and show that metrics with constant scalar curvature 
are critical for this action. 

This paper is organized as follows. In Section[2j we recall basic facts about higher 
dimensional noncommutative tori and their flat geometry. In Section [3j we consider 
the noncommutative 4-torus Tg with the simplest structure of a noncommutative 
abelian variety. We perturb the standard volume form on this space conformally (cf. 
[12]). and analyse the corresponding perturbed Laplacian. Then, we recall Connes' 
pseudodifferential calculus [5] for Tg and review the derivation of the small time 
heat kernel expansion for the perturbed Laplacian, using this calculus. In Section [4j 
we prove the analogue of Weyl's law for Tg by studying the asymptotic distribution 
of the eigenvalues of the perturbed Laplacian on this space. We then define a non- 
commutative residue on the algebra of classical pseudodifferential operators on Tg, 
and show that it gives the unique continuous trace on this algebra. We also prove 
the analogue of Connes' trace theorem for Tg by showing that this noncommutative 
residue and the Dixmier trace coincide on pseudodifferential operators of order —4. 
In Section [HJ we perform the computation of the scalar curvature for Tg, and find 
explicit formulas for the local functions that describe the curvature in terms of the 
modular automorphism of the conformally perturbed volume form and derivatives 
of the logarithm of the Weyl factor. Then, by integrating this curvature, we define 
and find an explicit formula for the analogue of the Einstein-Hilbert action for Tg. 
Finally, we show that the extremum of this action occurs at metrics with constant 
scalar curvature (see [3] for the corresponding commutative statement). 

We are indebted to Alain Connes for several enlightening and productive discus- 
sions at different stages of this work. Also, F. F. would like to thank IHES for the 
excellent environment and kind support during his visit in Winter 2012, where part 
of this work was carried out. 
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2. NONCOMMUTATIVE TORI 

In this section we recall basic facts about higher dimensional noncommutative 
tori and their flat geometry. 

2.1. Noncommutative real tori. Let V be a finite dimensional real vector space 
equipped with a positive definite inner product ( , ) and let : V ® V — > K be a 
skew-symmetric bilinear form on V. Let A C V be a cocompact lattice in V. Thus 
A is a discrete abelian subgroup of V such that the quotient space V/A is compact. 
Equivalently, we can describe A as A = Zei + • • • + Ze„, the free abelian group 
generated by a linear basis e\, . . . , e n for V. 

By definition, the noncommutative torus C(Tg), attached to the above data, is 
the universal unital C*-algebra generated by unitaries U a ,a G A, satisfying the 
relations 

U a U = e* ie ^U a+ p, a,/3eA. 
Let ei, . . . , e n be a basis for A over Z, and let Ui — U ei . Then we have 

U k U t =e 2 ^UiU k , k,l = l,...,n, 

where 6 k i = 6(e k ,ei). 

Let A' C V denote the dual lattice. Thus v € A' iff (v,w) G 2nZ for all 
w e A. There is a continuous action of the dual torus V/A' on C(Tg) by C*- 
algebra automorphisms {A;s} se y, defined by 

A s ((7 Q ) = e 4 < s ^C/ Q . 

The space of smooth elements of this action, namely those elements a € C(Tg ) for 
which the map s — > \ s (a) is smooth will be denoted by C°°(Tg). It is a dense 
*-subalgebra of C(T^) which plays the role of smooth functions on the noncom- 
mutative torus Tg. It can be alternatively described as the algebra of elements in 
C(Tg) whose (noncommutative) Fourier expansion has rapidly decreasing Schwartz 
class coefficients: 

C°°(T£) = f V a a U a ; sup(|a| fe |a Q |) < oo, Vk E n\. 

There is a normalized faithful positive trace, i.e. a tracial state, (p on C(Tg ) whose 
restriction on smooth elements is given by 

The infinitesimal generator of the action A s defines a Lie algebra map 
(1) 5: V^DcrCC 00 ^)^ 00 ^)), 

where we have used the natural identification of the (abelian) Lie algebra of the 
torus V/A' with V. 

Let us fix an orthonormal basis ei, . . . , e n for V. Then the restriction of the above 
map S defines commuting derivations Si :— 5(ei) : C°°(Tg) — > C°°(Tg), i = 1, . . . ,n, 
which satisfy 

Si(Uj) = SijUi, i,j = 1, . . . ,n. 

The derivations <5j are analogues of the differential operators \d/dxj acting on 
smooth functions on the ordinary torus. We have Sj(a*) = —5j(a)* for j = 1, . . . , n, 
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and any a £ C°°(Tg). Moreover, since (po o 6j = 0, for all j, we have the analogue 
of the integration by parts formula: 

<p {aSj{b)) = -<poMa)b), a,b£ C°°(T%). 

Using these derivations, we can define the flat Laplacian 

71 

A = J2 6 i : ^°°( T e) -> C°°(T^). 
We note that the Laplacian A is independent of the choice of the orthonormal basis 

^1) • • • ! • 

2.2. Noncommutative complex tori. Let W be an n-dimensional complex vec- 
tor space and A C W be a lattice in W. Thus A is a free abelian group of rank 
2n which is discrete in its subspace topology. Given a basis e l5 ...,e„ of W as a 
complex vector space and a basis Ai, . . . , A2 n of A as a free abelian group, we can 
express Ai, . . . , \2n in terms of ei, . . . , e„. We obtain an n by 2n matrix Ai = (A, B) 
with A,B £ M„(C) with 

n 

A, )>\Vf,,( ,. j = l,...,2n. 

j=i 

Let Wr denote the realification of W. Note that Ai, . . . , A 2n is a basis for Wr 
over R. Let dzi, . . . , dz„ denote the basis of W* = Home (W, C), dual to the basis 
ei, . . . , e„, and let cfcci, . . . , cfa^n denote the basis of W£ = HoniR (W, R), dual to 
the basis Ai, . . . , \2 n - Then we have for i — 1, . . . , n, 

2n 2n 

dzi = ^^AiijdXj, dzj — "y^Mjjdxj. 

3 = 1 3=1 

Now let 9 : Wr ® Wr — > R be an alternating bilinear form and Tg denote the 
associated noncommutative torus. We further assume that Wr is equipped with an 
Euclidean inner product. Using 0, we get the derivations 

St = S Xi : C°°(T%) -> C°°(T£), i = 1, . . . ,2n. 

The above relations define the Dolbeault operators which will be denoted by 
<9i,5i,« = 1, . . . ,n. 

We have a decomposition Wr ® C = W( lj0 ) © ^(o,i) with W( lj0 ) = W and 
W(o,i) — with the bases ei, . . . , e„ for Wn o) and ei, . . . , e„ for W( .i)- Let cfe, 
and dij denote the corresponding bases for dual spaces W,* -, = Homc(W( 1 , ), C) 
and WT j\. Using this decomposition we can define a Dolbeault type complex for 
on C°°(T") as follows. Let 

Q P, q ._ coo^ A P W * lfi) A«W ( * 0il) , 

and define the operators 

o l ■. n p > q -> fF +1 < 9 , a, : o M -> n p ' q+1 . 

by 

di(adzj A dz,/) = di{a)dzi A ctej A dzj, 
Bi(adzj A dz,/) = >^ di{a)dzi A dzj A df j. 
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Suppressing the obvious indexing, these operators satisfy the relations 

d 2 = 0, d 2 = 0, dd + Bd = 0. 

Let S) n C M n (C) denote the Siegel upper half space. By definition, a matrix 
fl £ S) n if and only if 

= Q, and Im fi > 0. 

For n = 1, Sji is the Poincare upper half plane. The following two conditions are 
known to be equivalent for a lattice A c W: i) The complex torus W/A can be 
embedded, as a complex manifold, in a complex projective space P^(C); ii) There 
exists a basis (ei, . . . , e„) of W, and a basis (Ai, . . . , A2„) of A such that the matrix 
of (Ax, . . • , \2n) in the basis (ei, . . . , e„) is of the form 

where k — (fci, . . . , k n ) is a sequence of integers ki £ Z, A& = diag {k\, . . . , k n ) is a 
diagonal matrix, and fi £ f) n . A noncommutative torus T$ attached to a pair (W, A) 
satisfying the equivalent conditions i) or ii) can be regarded as a noncommutative 
abelian variety. 

3. Laplacian and its Heat Kernel 

In this section we consider the curved geometry of noncommutative 4-tori and 
analyse the corresponding Laplacian. We also recall Connes' pseudodifferential 
calculus [S] for these spaces and review the derivation of small time heat kernel 
expansions using this calculus. 

3.1. Perturbed Laplacian on Tg. We consider the construction of Section [2] for 
the noncommutative 4-torus T|, the matrix f2 = 1/2x2 in the Siegel upper half space 
$)2, and k\ = k% = 1. That is, we consider the complex structure on which is 
introduced by setting d, d:C°°(T^)^ C°°(T%) ® C°°{T 4 g ) as 

where 

di = Si — iS 3 , 82 = 62- 164, 
di = 5i+i8 3 , 82 = 62+164,. 
We consider the inner product 

(2) (a,b)=<p (b*a), a,b£C(T 4 ) 1 

and denote the Hilbert space completion of C(T|) with respect to this inner product 
by Hq. Since the derivations 8$ are formally selfadjoint with respect to the above 
inner product, we have 

d*d = 6j + 6 2 + 6 2 + 6 2 , 

which is the flat Laplacian A introduced in Section [2j The reason for this coin- 
cidence is that the underlying metric is Kahler when we have the non-perturbed 
standard volume form (fQ. Therefore, the ordinary Laplacian and the Dolbeault 
Laplacian agree with each other in this case. 

In order to perturb the above Laplacian conformally, following [4, 12J, we consider 
a selfadjoint element h £ C°°(Tg) and perturb the volume form tpo by replacing it 
with the linear functional <p : C(Tj) — > C defined by 

<p{a) = Mae- 2h ), a £ <7(T$). 
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This is a non-tracial state which is a twisted trace, and satisfies the KMS condition 
at /? = 1 for the 1-parameter group {cr t } tS R of inner automorphisms 

a t (a) = e 2lth ae~ 2lth , a e C(Tg). 

The inner product associated with this linear functional is given by 

(a,b) v = <p(b*a), a,b e C(T 4 e ). 

We denote the Hilbert space completion of C(T|) with respect to this inner product 
by H<p, and write the analogue of the de Rham differential on Tg as 

d = d®B:H ip ^ H^ 0) 8 H { ° A) . 

Here, we view d as an operator from H v to the corresponding Hilbert space com- 
pletion of the analogue of 1-forms, namely the direct sum of the linear span of 
{adb;a,be C°°(T 4 g )} and {adb; a, 6 G C°°(Tg)}. 
Now we define the perturbed Laplacian 

A v = d*d, 

which is an unbounded operator acting in H v . We will see in the following lemma 
that A v is anti-unitarily equivalent to a differential operator acting in Ho, and 
because of this equivalence, we identify these operators with each other in the 
sequel. 

Lemma 3.1. The perturbed Laplacian A v is anti-unitarily equivalent to the oper- 
ator 

e h d x e- h d x e h + e h d 1 e-' l d 1 e h + e h B 2 e- h d 2 e h + e h d 2 e- h B 2 e h , 
acting in Ho- 

Proof. It follows easily from the argument given in the proof of the following lemma. 

□ 

Let h', h" € C°°(Tj) be selfadjoint elements, and H, H n , Hi respectively be the 
Hilbert space completion of C(Tg) with respect to the inner products defined by 

(a, b) = ip {b*a), (a, b) = (p Q (b*ae~ h ), (a, 6)i = ip (b*ae~ h ), 

for any a, b G C(Tj). We recall the operator d\ = Si — i<5 3 : H — > H and its adjoint 
di=Si+ iS 3 . 

Lemma 3.2. Let <9 ,i be the same map as d\ viewed as an operator from H to 
Hi. Then its adjoint is given by 

dli(y) = di(ye- h ")e h ', 

and the operator 8q 1 9o,i : H — > H is anti-unitarily equivalent to 

e h'/2 die -h" Bie h'/2 . H ^ H 

where e h ,e~ h , e h 1 2 act by left multiplication. 

Proof. Right multiplication by e h I 2 extends to a unitary map from H to Ho, which 
we denote by Wq. Similarly, right multiplication by e~ h I 2 extends to a unitary 
map from Hi to H, which will be denoted by W\. So we have 

Wi o ,i Wo = R e -h"/2diR eh > /2 . 
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Therefore, we have 

W^WtWxd^xWo = R e K>,*dxR e - h /;*R e -v.,*diR ehf ,*. 

Thus 9g x^o.i is unitarily equivalent to 

R e h' /2<3i-R e -ji" /2-R e -h" /id\R e h' /2 • 

Conjugating the latter with the anti-unitary involution J(a) = a*, one can see that 
it is anti-unitarily equivalent to 

e h '/ 2 d 1 e- h "B 1 e h '/ 2 . 

a 

3.2. Connes' pseudodifferential calculus for Tg. A pseudodifferential calculus 
was developed in [5] for C*-dynamical systems. Here we briefly recall this calcu- 
lus for the canonical dynamical system defining the noncommutative 4-torus, and 
will use it in the sequel to apply heat kernel techniques [TTJ [T2] to the perturbed 
Laplacian A v on Tg. 

A differential operator of order m £ Z>o on Tg is an operator of the form 

\i\<m 

where t = (4,4,4,4) € Z| , |f| =4+4+4 + U,a t € C°°(T 4 ). We first 
recall the definition of the operator valued symbols, using which, the notion of 
differential operators on Tg extends to the notion of pseudodifferential operators 
[5]. For convenience, we will use the notation dj for the partial derivatives ^ 
with respect to the coordinates £ = ,£4) € R 4 , and for any I £ Z 4 , we 

denote 4!4*4!4! by l\, h Y ^ 8fcaf?3frdfc by <5 £ , 

and U^UfrufrUfr by C/ £ . 

Definition 3.1. ^4 smooth map p : M 4 — > C°°(T 4 ) is said to &e a symbol of order 
m £ Z, if for any set of non-negative integers i,j £ Z 4 , there exists a constant c 
such that 

ii^(p(c))ii<c(i+^r-w, 

and if there exists a smooth map k : M 4 \ {0} — > C°°(Tg) such that 
lim A-™p(AO = HO, CeM 4 \{0}. 

A— >oo 

The space of symbols of order m is denoted by S m . The pseudodifferential 
operator P p : C°°(T 4 ) — > C°°(T 4 ) associated to a symbol p £ S m is given by 

P p (a) = i^y 4 J j e- ls <p{£,)a s {a)dsd^ a£ C°°(T 4 ), 

where {a s } s6 R4 is the group of C*-algebra automorphisms defined by 

a s (U e ) = e ls - e U £ , ££Z 4 , 

which was explained in more generality in Subsection |2.f| For example, the differ- 
ential operator ^ ag5 e is associated with the symbol &t£, via the above formula. 

The pseudodifferential operators on T 4 form an algebra and there is an asymp- 
totic expansion for the symbol of the composition of two such operators. There is 
also an asymptotic formula for the symbol of the formal adjoint of a pseudodifferen- 
tial operator, where the adjoint is taken with respect to the inner product given by 
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([2]) . We explain this in the following proposition in which the relation p <~ Pi 
for given symbols p, pj means that for any k €E Z, there exists an iV £ Z>o such 
that p — X]j=o ft G ^fc f° r an y n > N. 

Proposition 3.1. Let p € if? m and p' € 5 m '. There exists a unique A £ •S'm+m' 

p x = p P Pp>- 

Moreover, 



There is also a unique r € SVn smc/i £/ia£ P r is £/ie formal adjoint of P p , and 

1 



-~ E >*W 



Elliptic pseudodifferential operators on Tg are defined to be those whose symbols 
have the following property: 

Definition 3.2. A symbol p € S m is said to be elliptic if p(£) is invertible for any 
£ 0, and if there exists a constant c such that 

\\p(o- x \\<c(i+mr m , 

when |£| is sufficiently large. 

As an example, the flat Laplacian A = Sf + 8\ + <5§ + 8\ is an elliptic operator 
of order 2 since its symbol is p(£) = £1 + £f + £3 + Cfi which satisfies the above 
criterion. 

3.3. Small time asymptotic expansion for Trace(e _ * A,p ). Geometric invari- 
ants of a Riemannian manifold, such as its volume and scalar curvature, can be 
computed by considering small time heat kernel expansions of its Laplacian. Pseu- 
dodifferential calculus may be employed to compute the terms of such expansions 
(cf. P2]). One can use Connes' pseudodifferential calculus [5] to apply similar 
heat kernel techniques in order to compute geometric invariants of noncommuta- 
tive spaces [12 EJ UH UH CE] • Here, we briefly explain this method and derive the 
small time asymptotic expansion for the trace of e~' Av , where A v is the perturbed 
Laplacian on T@ introduced in Subsection 3.1 First we need to compute the symbol 
of this differential operator: 

Lemma 3.3. The symbol of A v is equal to 02(C) + a i(0 + a o(£), where 

4 4 
a 2 (0=e h ^f, a 1 (0 = X)' y i( efc )6. 

»=1 i=l 

4 



i=l 

Proof. It follows easily from the symbol calculus explained in Proposition |3.1| 



□ 
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(3) e- tA - = — / e-'^-A)-^, 



Using the Cauchy integral formula, one has 

1 

27TI j c 

where C is a curve in the complex plane that goes around the non-negative real 
axis in such a way that 

er ts = -L / e- tx {s- A) -1 dA, s > 0. 

27TZ J c 

Appealing to this formula, one can use Connes' pseudodifferential calculus to em- 
ploy similar arguments to those in [17] and derive an asymptotic expansion of the 
form 

oo 

Trace(e-* A -) ~ t~ 2 B 2n {A v )t n (t -> 0). 

That is, one can approximate (A v — A)^ 1 by pseudodifferential operators B\ whose 
symbols are of the form 

where for j = 0, 1, 2, . . . , bj(£, A) is a symbol of order —2 — j. 

Therefore, we have to use the calculus of symbols explained in Subsection [X2] to 
solve the equation 

(b + h + b 2 + ■ ■ ■ )((o 2 - A) + oi + ao) ~ 1. 

Here, A is treated as a symbol of order 2 and we let a' 2 = a 2 — A, a\ = a±, a' = a . 
Then the above equation yields 



fe=0,l,2 

Comparing symbols of the same order on both sides, one concludes that 

4 _j 

b = a' 2 - 1 = (a 2 -X)- 1 = [e h J2^-^ , 

i=l 

and 

(4) &„ = -E^A^K)&o, n>0, 

where the summation is over all < j < n, < k < 2, I G Z> such that 2 + j + 1^| — 
fc = n. Similar to jTTl [12] one can use these symbols to approximate e~ tA f with 
suitable infinitely smoothing operators and derive the desired asymptotic expansion. 
We record this result in the following proposition. 

Proposition 3.2. There is a small time asymptotic expansion 

oo 

Trace(e-* A -) ~ t~ 2 ^ B 2n {A v )t n (t -► 0), 

n=0 

where for each n = 0, 1, 2, . . . , 

B 2n (A v ) = ^[ [ e- X ip {b 2n (Z,\))d\dt. 
2m J J c 
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4. Weyl's Law and Connes' Trace Theorem 

A celebrated theorem of Weyl states that one can hear the volume of a closed 
Riemannian manifold (M, g) from the asymptotic distribution of the eigenvalues of 
its Laplacian A g acting on smooth functions on M. That is, if < Ao < Ai < A2 < 
• • • are the eigenvalues of A g counted with multiplicity and N(X) — #{Aj < A} is 
the eigenvalue counting function then 

where n = dimM and Vol(M) is the volume of M. An equivalent formulation of 
this result is the following asymptotic estimate for the eigenvalues: 

cm.). 

This readily shows that (1 + A g )~™/ 2 is in the domain of the Dixmier trace and 
Tr f(l + A r n/2 ) = ^mi_ 

A generalization of this result is Connes' trace theorem [7] which states that the 
Dixmier trace and Wodzicki's noncommutative residue [20] coincide on pseudodif- 
ferential operators of order — n acting on the sections of a vector bundle over M. In 
the sequel we will provide more explanations about the Dixmier trace, the Wodzicki 
residue, and Connes' trace theorem. 

In this section, we establish the analogue of Weyl's law for Tg by studying the 
asymptotic distribution of the eigenvalues of the Laplacian A v . We will then prove 
the analogue of Connes' trace theorem for Tg. This is done by introducing a non- 
commutative residue on the algebra of classical pseudodiffcrential operators on Tg 
and showing that it coincides with the Dixmier trace on the pseudodifferential op- 
erators of order —4. We closely follow the constructions and arguments given in 
[15| 116] for the noncommutative 2-torus, and because of similarities in the argu- 
ments, we provide essentials of the proofs rather briefly. 

4.1. Asymptotic distribution of the eigenvalues of A y . Let < Ao < Ai < 

A2 < ■ ■ • be the eigenvalues of A^, counted with multiplicity. It follows from the 
asymptotic expansion 

00 00 
Trace(e- tA -) = £ e" a * ~ r 2 B 2n (A v )t n (t -> 0), 

j=0 n=0 

derived in Proposition |3.2[ that 

lim t 2 Y e- tx > =B (A lp ). 

It readily follows from Karamata's Tauberian theorem [T] that the corresponding 
eigenvalue counting function N has the following asymptotic behavior: 

We establish the analogue of Weyl's law for Tg in the following theorem by com- 
puting Bq(A v ) and observing that, up to a universal constant, it is equal to 
<p{l) = Me- 2h )- 
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Theorem 4.1. The eigenvalue counting function N of the Laplacian A v on Tj 
satisfies 

(5) iV(A)~^M^A 2 (A -.oo). 

Proof. Using Proposition |3.2[ we have 

1 f f „-A. 



7rWe- 2ft ). 



Thus, it follows from the above discussion that 

r(3) 



^-^A^^^A' (A -.oo). 



□ 



A corollary of this theorem is that (1 + A™) is in the domain of the Dixmier 
trace. Before stating the corollary we quickly review the Dixmier trace and the 
noncommutative integral, following [8]. 

We denote the ideal of compact operators on a Hilbert space % by K(H). For 
any T 6 /C("H), let /x n (T),n = 1,2, ... , denote the sequence of eigenvalues of its 
absolute value |T| = (T*T)s written in decreasing order with multiplicity: 

Hi(T)>iMi(T) >•••>(). 

The Dixmier trace is a trace functional on an ideal of compact operators £ 1,00 (%) 
defined as 

N 

£l,oo (K) = | T G £ MnCD = O (logJV)}. 

n=l 

This ideal of operators is equipped with a natural norm: 

1 N 

\\T\\ hoo := sup — — V Mn(T), T e C l oa {U). 

N >2 log iV ^ 

It is clear that trace class operators are automatically in £ 1,00 (H). The Dixmier 
trace of an operator T € C l oo {T-L) measures the logarithmic divergence of its ordi- 
nary trace. More precisely, for any positive operator T £ C 1,00 {T-L) we are interested 
in the limiting behavior of the sequence 

1 N 

n— 1 

While by our assumption this sequence is bounded, its usual limit may not exist and 
must be replaced by a suitable generalized limit. The limiting procedure is carried 
out by means of a state on a C* -algebra. Recall that a state on a C* -algebra is a 
non-zero positive linear functional on the algebra. 
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To define the Dixmier trace of a positive operator T £ £ 1: °°(%), consider the 
partial trace 

N 

Trace JV (T) = ^ M „(T), N = 1, 2, ... , 

n=l 

and its piecewise affine interpolation denoted by Trace r (T) for r € [1, oo). Then let 

1 /" A Trace r (T) rfr 

ta(^):=; r / — , , A€e,oo), 

logA7 e logr r 

be the Cesaro mean of the function Trace r (T)/ logr over the multiplicative group 
K>0- Now choosing a normalized state ui : Cf,[e, oo) ->Con the algebra of bounded 
continuous functions on [e, oo) such that uj(f) = for all / vanishing at oo, the 
Dixmier trace of T > is defined as 

Tr u (T)=u(T A {T)). 

Then one can extend Tr^ to all of C^°°(H) by linearity. 

The resulting linear functional Tr w is a positive trace on £( 1 ^°°) (%) which in 
general depends on the limiting procedure lu. The operators T € C 1,co (H) whose 
Dixmier trace Tr^(T) is independent of the choice of the state u> are called mea- 
surable and we will denote their Dixmier trace by -f T. If for a compact positive 
operator T we have 

Hn{T) ~ - (n -> oo), 
n 

where c is a constant, then T is measurable and^fT = c. We use this fact in the 
proof of the following corollary of Theorem |4.1| 



Corollary 4.1. The operator (1 + A v ) 2 , where A v is the perturbed Laplacian on 
Tg, is a measurable operator in C 1,oa (Hq) , and 

J2 



(l + A„)-' = yVo(e"^). 

Proof. It follows from the asymptotic behavior ([5]) of the eigenvalue counting func- 
tion N that the eigenvalues Xj of A v satisfy 

irvoie- 2 * 1 ) 1 / 2 

Therefore, using the above fact, it easily follows that (1 + A v )~ 2 is measurable and 
-j(l + A v )- 2 = ^Me- 2h )- 

a 

4.2. A noncommutative residue for Tg. Let M be a closed smooth manifold of 
dimension n. Wodzicki defined a trace functional on the algebra of pseudodifferen- 
tial operators of arbitrary order on M, and proved that it was the only non-trivial 
trace [50]. This functional, denoted by Res, is called the noncommutative residue. 

The noncommutative residue of a classical pseudodifferential operator P acting 
on smooth sections of a vector bundle E over M is defined as 

Res(P) = (27r)-" f tv(p. n (x, 0) dx d£, 

JS'M 

where S* M C T*M is the unit cosphere bundle on M and p_„ is the component 
of order —n of the complete symbol of P. 
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Similar to |16j . we define a noncommutative residue on the algebra of classical 
pseudodifferential operators on T 4 ., which is a natural analogue of the Wodzicki 
residue. 

Definition 4.1. A pseudodifferential symbol p S S m on T 4 is said to be classical 
if there is an asymptotic expansion of the form 

oo 

p(0~£pm-i(0 (£->°o)> 

3=0 

where each p m -j : R 4 \ {0} — > C°°(Tg) is smooth and positively homogeneous of 
order m — j . Given such a symbol, we define the noncommutative residue of the 
corresponding pseudodifferential operator P p as 

res(P p ) = [ <p (p-40)dn, 

where dfl is the standard invariant measure on the unit sphere in R 4 . 

We note that, as shown in [16] . the homogeneous terms in the expansion of 
any classical pseudodifferential symbol are uniquely determined. Thus, there is no 
ambiguity in the above definition. 

In the following theorem we identify all continuous trace functionals on the 
algebra of classical pseudodifferential operators on T 4 . A linear functional on this 
algebra is said to be continuous if it vanishes on the operators whose symbols are 
of sufficiently small order. First we state two lemmas which will be used in the 
proof of the following theorem. One can prove these lemmas by similar arguments 
to those given in [16j . 

Lemma 4.1. Let f : M 4 \ {0} — > C°°(Tg) be a smooth map which is positively 
homogeneous of order m € Z. If m ^ —4, or if m = —4 and L 3 / dfl = 0, then one 
can write f — J2i=i ^i{hi)i f or some smooth maps hi ■ M 4 \ {0} — > C°°(Tg). 

Lemma 4.2. Let o~j G S mj , j — 0,1,2,..., be a sequence of pseudodifferential 
symbols on T 4 such that limmj = — oo. There exists a symbol a such that a ~ 

3=0^' 

Theorem 4.2. The noncommutative residue res is a trace, and up to multipli- 
cation by a constant, it is the unique continuous trace on the algebra of classical 
pseudodifferential operators on T 4 . 

Proof. Let p, p' : M 4 — > C°°(T 4 ) be classical symbols with asymptotic expansions 

oo oo 
j=0 k=0 

where p n -j is homogeneous of order n — j and p n '-k is homogeneous of order n' — k. 



Using the calculus of symbols explained in Proposition 3.1 and the trace property 
of (pa, we have: 

res(P P Pp' - P P 'Pp) 



14 



FARZAD FATHIZADEH AND MASOUD KHALKHALI 



where the summation is over all j, k 6 Z>o and £ G Z> such that n+n' —j — k— \£\ = 
—4. One can write each d i (p n -j)5 i (p' n ,_ k ) — S i (p n -j)d i (p' n ,_ k ) in the above integral 
as 

4 
i=l 

for some /i,<7i : K 4 \ {0} — > C°°(Tg), where each is positively homogeneous of 
order —3. Thus, using Lemma 5.1.3 on page 208 of [T9| and the fact that (fiooSi = 0, 
we have 

res(P p P p - -P P >P P ) =0. 

This proves the trace property of res. 

In order to prove the uniqueness, assume that tp is a continuous trace on the 
algebra of classical symbols on T|. For any classical symbol p, the symbol of 
P^Pp — PpP^ is equivalent to Si(p). Since tp is a trace, it follows that 

(6) = 0. 
Since we can write 

4 
i=l 

for some symbols equation Q implies that 

(7) iP(P p )=i/j(P ipo(p) ). 

Also, by considering the symbol of PpPjji — PjJiPp and using similar arguments 
to those in [16], one can conclude that 

(8) VK^Mp)) = 0. 
Now we consider the asymptotic expansion 

oo 
3=0 



where p n -j is positively homogeneous of order n — j. By using Lemmas 4.1 and 



4.2 



and setting r = Vol(§ 3 ) 1 L 3 p-i dtt, we can write 
p ~ P-4 + 51 

n-j/-4 

4 



4 4 

r 



(9) - |^+E 9 '(^)+E 5 4 E p»- 



■3,1 J ' 



2= 1 71— 3^— 4 



for some smooth maps p_4,i, p n -j,% '■ R 4 \ {0} — > C°°(Tg). Now we can use Q, Q, 
([£]) to conclude that 

V.(P P ) = ^(P,/iei) - WoM^d) = W)(r)^(Pi/| £ *|) = ^vd(S3 4 )' ) res(Pp) - 

□ 
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4.3. Connes' trace theorem for T 4 ,. As above, let M be a closed smooth man- 
ifold of dimension n. The restriction of the Wodzicki residue Res to pseudodiffer- 
ential operators of order —n was discovered independently by Guillemin and its 
properties were studied in [18] . In general, unlike the Dixmier trace, Res is not a 
positive linear functional. However, its restriction to pseudodifferential operators of 
order — n is positive. One of the main results proved in [7] is that if E is a smooth 
vector bundle on M then the Dixmier trace Tr w and Res coincide on pseudodiffer- 
ential operators of order —n acting on L 2 sections of E. In fact it is proved that 
such operators P are measurable operators in C 1 ' 00 (L 2 (M , E)) and 



fP = -Res(P). 
J n 



This result is known as Connes' trace theorem. In the following theorem, we estab- 
lish the analogue of this result for the noncommutative 4-torus T 4 ,. 

Theorem 4.3. Let p be a classical pseudodifferential symbol of order —4 on T 4 ,. 
Then P p is a measurable operator in C 1,00 (Hq), and under the assumption that all 
nonzero entries of 6 are irrational, we have 



P p = -res(P p ) 



Proof. In order to show that P p £ £ 1,co (Ho), we write P p = ^4(1 + A)~ 2 , where 
A = Sf + ■ ■ ■ + 5 2 is the flat Laplacian, and A = P p (l + A) 2 is a pseudodifferential 
operator of order 0. Since A is a bounded operator on T-Lq and it was shown in 



Corollary 4.1 that (1 + A)" 2 £ £ 1 ^°°('Ho), it follows that P p is in the domain of the 



Dixmier trace. Using a similar argument, one can see that any pseudodifferential 
operator of order —5 on T 4 , is in the kernel of the Dixmier trace. Therefore, if we 
write 

oo 

p(0~V(0 + I>-4-j(0 (£ ->■ 

where p' and P-i-j are respectively positively homogeneous of order —4 and — 4 — j, 
then 

(10) Tr u (P p )=Tr u (P p ,). 

Also, since the symbol of P p iPu i — PjjiPp' is equivalent to the symbol of Pp'u t ~ 
Pjjip' modulo a symbol of order —5, and Tr w is a trace, for i = 1, ... 4, we have 

Ti u (P plUi ) = Tr u (P UiP ,). 

It follows from this observation that if / : R \ {0} — > C is smooth and positively 
homogeneous of order -4, then Tr u (P fu i) = if £ ^ £ Z 4 . Therefore, similar 
to the argument given in |15| one can write the following expansion with rapidly 
decreasing coefficients 



p'(0 = E 



and conclude that 

(11) Tr w (P p = Tr w (P p ,), 
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where, as noted above, p' Q — tpo o p' : K \ {0} — > C. Note that one has to use the 
fact that Tr^ is continuous with respect to the uniform norm of symbols of order 
-4, namely that, if we let q m (0 = p'(0 ~ J2\e\< m a t(QU l , then 

lim Tr u (P q J=Q. 

m— too 

Since p' is a smooth complex-valued function on M 4 \ {0} which is positively 
homogeneous of order —4, in order to analyze Tr u (P p i), we define a linear functional 
p on the space of continuous complex- valued functions on S 3 , as follows. Given a 
smooth function / : § 3 — > C, we denote its positively homogeneous extension of 
order —4 to R 4 \{0} by /, and define p(f) = Tr w (P^). Using the continuity property 
mentioned above, p extends to the space of continuous functions on § 3 . Also using 
positivity of Tr^, one can see that p is a positive linear functional. Thus, it follows 
from the Reisz representation theorem that p is given by integration against a 
Borel measure on S 3 . This measure is rotation invariant, which can be shown by 
using the trace property of Tr w and the fact that for any rotation T of K and any 
pseudodiffcrcntial symbol a on R 4 we have 

where U is the unitary operator U (g) = g o T~ 4 , g £ C^°(M 4 ). Therefore p is given 
by integration against a constant multiple of the standard invariant measure on § 3 . 



Denoting this constant by c, identities (|10[), (11) imply that 



TtUPp) = Tr u (P p ,) = Tr u (P p ' ) = p(p' | §3 ) = c [ P ' \ B3 dQ = cres(P p ). 

The constant c can be fixed by considering the flat Laplacian A = Ylt=\ 
According to corollary 4.1 we have Tr w ((l + A)~ 2 ) = tt 2 /2. On the other hand, 
considering the fact that the term of order —4 in the asymptotic expansion of the 
symbol of (1 + A)~ 2 is |£|- 4 , we have res((l + A)~ 2 ) = 2tt 2 . Therefore c = 1/4. 

□ 



5. Scalar Curvature and Einstein-Hilbert Action 

Let (M, g) be a smooth compact manifold of dimension n > 2, and A g be the 
Laplacian acting on smooth functions on M. For any t > 0, the operator e~ tAfl 
is an infinitely smoothing operator, and there is an asymptotic expansion for its 
kernel K(t, x, y), which is of the form 

e -dist(x,y) 2 /4t 

K(t,x,y) (4^W2 — (u (x,y) + uxix^^ + u 2 (x,y)t 2 ^ ) (i->0). 

The coefficients Uj arc smooth functions defined in a neighborhood of the diagonal 
in M x M. The kernel K is called the heat kernel since it is the fundamental 
solution of the heat operator d t + A g , and the Ui are called the heat kernel coef- 
ficients. These coefficients are well-studied and are often known under the names 
of people who made the major contributions in the study, namely that, they are 
called both Minakshisundaram-Pleijel coefficients and Seeley-De Witt coefficients. 
Minakshisundaram and Pleijel derived the above asymptotic expansion by using 
the transport equation method of Hadamard. An approach, which is followed in 
the noncommutative case in [TH [TTJ [T31 HH [H] , is to use pseudodifferential calculus 
to derive such asymptotic expansions. For a clear account of this approach and 
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dvolg, 



a detailed discussion of the local geometric information that are encoded in heat 
coefficients, we refer the reader to [T7] and the references therein. 

A crucial point that is used to define and compute the scalar curvature for 
noncommutative spaces [HI [TTJ [TT] is that, up to a universal factor, the restriction 
of Mi to the diagonal gives the scalar curvature of M. This, via the Mellin transform, 
allows to have a spectral definition for scalar curvature in terms of values or residues 
of spectral zeta functions. That is, if for instance the dimension of M is 4, the scalar 
curvature is the unique R £ C°°(M) (up to a universal constant) such that 

res s=1 Trace(/A; s ) = f fR 

J At 

for any / G C°°(M). 

In this section we define the scalar curvature for Tg equipped with the perturbed 
Laplacian A^,, and compute the functions that give a local expression for the cur- 
vature. Then we consider the analogue of the Einstein- Hilbert action J M Rdvol g . 
We find a local expression for this action as well, and show that its extremum is 
attained if and only if the Weyl factor is a constant, which is equivalent to having 
a metric with constant curvature. 

5.1. Scalar curvature for Tg. Following j9j[TTJ[T4] and the above discussion, we 
define the scalar curvature of Tg equipped with the perturbed Laplacian A v as 
follows (see also [5] for a variant). 

Definition 5.1. The scalar curvature of the noncommutative J^-torus equipped with 
the perturbed volume form is the unique element R €E C°°(Tg) such that 

res s= iTrace(aA~ s ) = <p (aR), 

for any aeC°°(T 4 g). 

We follow the method employed in [T^l [TTJ [TT] to find a local expression for the 
scalar curvature R. For the sake of completeness, we explain this procedure in the 
following proposition. 



e- A 6 2 (£, A) dAd£, 



Proposition 5.1. The scalar curvature R is equal to 

1 

where 62 is the term of order —4 of the pseudodifferential symbol of the parametrix 
of A v — A, given in Subsection 3.3 



c 



Proof. Using the Mellin transform we have 
1 f°° 

aA- s = — a{e- tA * - P)^ 1 dt, aeC°°(Tj), «(») > 0, 
r ( s ) Jo 

where P denotes the orthogonal projection on Ker(A v ,). 

Appealing to the Cauchy integral formula (|3|) and using similar arguments to 



those explained in Subsection 3.3 (cf. [17[ I12j). one can derive an asymptotic 
expansion of the form 



00 

Trace(ae- tA ^) - t~ 2 ^ B 2n (a,A v )t n (t -» 0). 

n=0 
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Using this asymptotic expansion one can see that the zeta function 

Ca(s) - Trace(aA^), ft (a) » 0, 

has a meromorphic extension to the whole plane with a simple pole at 1, and 

res s= iCa(s) = B 2 (a, A v ). 

On the other hand, there are explicit formulas for the coefficients of the above 
asymptotic expansion. In particular we have 

□ 

We directly compute b 2 using Q and in order to compute 
^-■11 e- x b 2 {i,\)d\di, 

^1 J R 4 J c 

we use a homogeneity argument for the contour integral (cf. [T2l 111) ) and pass to 
the spherical coordinates 

£1 = rsm(V>) sin(0) cos(0), £2 = rsm(V>)sin(<^)sin(0), 

£ 3 = rsin(V>)cos(0), U = rcos(ip), 

with < r < 00, < ip < n, < (f> < tt, < 8 < 2tt. After working out the 
integrations with respect to the angles ip, (j>, 9, we obtain the following terms up to 
an overall factor of — ir 2 : 

+Ar 9 e h b b bo6 1 (e h )e h b b 5 1 (e h )b + 2r 9 e h b b e h bob S 1 (e fc )Mi (e h )b 
+ 4rV& Mi(e h )e' l &o&oMi(e' l )&o + 2r 9 e h b b S 1 (e h )e h b b S 1 (e h )b b 
+ 4rV& e h &o&oMi(e' , )Mi(e' l )&o + 2r 9 e h b e h b b 6 1 (e h )b b 6 1 (e h )b 
+ 2r 9 e h b e h b b 6 1 (e h )b 5 1 (e h )b b Q + erVe^&o&oMi^Mi^&o 
+ 2r 9 e h e h b b a b S 1 (e h )b bo6 1 (e h )bo + 2r 9 e h e h b b b 5 1 (e h )b Q S 1 (e h )b b 

- SboboSiie^boboS^ba - 2r 7 b S 1 (e h )e h b a b b 6 1 (e h )b 

- r 7 Mi(e' l )e%Mi(e' l )&o&o - 16r 7 eH 6 6 5 1 (e ?1 )6o<5 1 (e' l )6o 

- r 7 e h b b e%b S 1 S 1 (e h )b - 8r 7 e h b b S 1 (e h )b b S 1 (e h )b 

- 8r 7 e h & Mi(e' l )Mi(e' , )&o&o - 2r 7 e h b e h b bob 5 1 S 1 (e h )bo 

- Se^oeHoboS^ie^bobo - 3r 7 e h e h b b b bo§iSi(e h )b 

- r 7 e h e h b b b 5 1 6 1 (e h )b b + 5/2r 5 & Mi(e' , )Mi(e' l )&o 
+ 2r 3 b b S 1 {e h )e~ h S 1 {e h )b + 5/2r 5 Mi(e h )&oMi(e h )&o 
+ 5/2r 5 Ml (e' l )6 «5 1 (e' l )6o6 + 2r 3 b Q S 1 (e h ) e - h S 1 (e h )b b 
+ &r 5 e h b bob 5i8i{e h )b Q + 3r 5 e h & WiMe ,l )&o&o 

- 2r 3 b b 5 1 8 1 {e h )b - 2r 3 & Mi(e /l )&o&o 

+ 4r 9 e h b bob S 2 (e h )e h b boS 2 (e h )bo + 2r 9 e h b b e h bob S 2 (e h )b 6 2 (e h )b 
+ 4r 9 e h b b 6 2 (e h )e h b b b S 2 (e h )bo + 2r 9 e h b b S 2 (e h )e h b b Q S 2 (e h )b b 
+ 4r 9 e h b e h b b b 5 2 (e h )b 6 2 (e h )b + 2r 9 e h b e h b b 5 2 (e h )b b S 2 (e h )b 
+ 2r 9 e h b e h b b d 2 (e h )b 5 2 (e h )b b Q + 6r 9 e h e h b b b b S 2 (e h )b 5 2 (e h )b 
+ 2r 9 e h e h b b b 5 2 (e h )bob 6 2 {e h )b + 2r 9 e h e h b b b 5 2 (e h )b 6 2 (e h )b bo 

- r 7 b Q b Q S 2 (e h )e h b b S 2 {e h )b - 2r 7 b S 2 (e h )e h b b b 5 2 {e h )b 

- r 7 b S 2 (e h )e h b b S 2 (e h )b bo - 16r 7 e h bob b 5 2 (e h )b 6 2 (e h )b 

- r 7 e h b b e h b b S 2 6 2 (e h )b - 8r 7 e h b b S 2 (e h )b b 6 2 (e h )b 

- 8r 7 e h b b S 2 (e h )b S 2 (e h )b b - 2r 7 e h b e h b b b S 2 S 2 (e h )b 
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- r 7 e h b e h bob S 2 S 2 (e h )b b - 3r 7 e h e h b b b b S 2 5 2 (e h )b 

- r 7 e h e h b b b d 2 S 2 (e h )b b Q + 5/2r 5 b b S 2 (e h )b 6 2 (e h )b 
+ 2r 3 b b 5 2 {e h )e~ h 8 2 {e h )b + 5/2r 5 b S 2 (e h )b b 5 2 (e h )b 
+ 5/2r 5 b 5 2 (e h )b 5 2 (e h )b b + 2r 3 b S 2 {e h ) e - h S 2 {e h )b b 
+ 6r 5 e h b b b S 2 S 2 (e h )b + 3r 5 e h b bo5 2 S 2 (e h )b bo 

- 2r 3 b b 6 2 6 2 (e h )b - 2r 3 b 6 2 5 2 {e h )b b 

+ 4r 9 e h b b b S 3 (e h )e h bob S 3 (e h )b Q + 2r 9 e h b b e h b b S 3 (e h )b 5 3 (e h )b Q 
+ 4r 9 e h b boS 3 (e h )e h b bob S 3 (e h )bo + 2r 9 e h bob S 3 (e h )e h b b S 3 (e h )bobo 
+ 4r 9 e h b e h b b b S 3 (e h )b S 3 {e h )b a + 2r 9 e h b e h b b S 3 (e h )b b S 3 (e h )b 
+ 2r 9 e h b e h b b 6 3 (e h )b S 3 (e h )b b + 6r 9 e h e h b b b b S 3 (e h )b 6 3 (e h )b 
+ 2r 9 e h e h b b a b d 3 (e h )b b 6 3 (e h )bo + 2r 9 e h e h b b b 6 3 (e h )b S 3 (e h )b b 

- r 7 b bo6 3 (e h )e h b b 6 3 (e h )b a - 2r 7 b 5 3 (e h )e h b a b b 5 3 (e h )b 

- r 7 b S 3 (e h )e h b b 5 3 (e h )b b - 16r 7 e h b b b 5 3 (e h )b S 3 (e h )b 

- r 7 e h b b e h b b S 3 S 3 (e h )bo - 8r 7 e h b b S 3 {e h )b b S 3 (e h )b 

- 8r 7 e h b b 5 3 (e h )b 6 3 (e h )b b Q - 2r 7 e h b e h b bob 6 3 5 3 (e h )b 

- r 7 e h b Q e h b b d 3 S 3 (e h )b b - 3r 7 e h e h b b bob S 3 S 3 {e h )b Q 

- r 7 e h e h b bob d 3 S 3 (e h )b b + 5/2r 5 b bo6 3 (e h )b S 3 (e h )b 
+ 2r 3 b b S 3 (e h )e- h 6 3 (e h )b + 5/2r 5 b 8 3 (e h )b b 5 3 (e h )b 
+ 5/2r 5 b 5 3 (e h )b 8 3 (e h )b b + 2r 3 b S 3 (e h )e- h S 3 (e h )b b 
+ 6r 5 e h bob b S 3 S 3 {e h )b + 3r 5 e h b b S 3 6 3 (e h )b bo 

~ 2r 3 b b S 3 6 3 (e h )b - 2r 3 b 6 3 S 3 (e h )b a b 

+ 4r 9 e h b b b 6 4 (e h )e h b bo6 4 (e h )bo + 2r 9 e h b boe h bobo5 4 (e h )b S 4 (e h )b 
+ 4:r 9 e h b b 5 4 (e h )e h b bob 6 4 (e h )b + 2r 9 e h b b 6 4 (e h )e h b b 6 4 (e h )b b 
+ 4r 9 e h b e h boboboS 4 (e h )b 5 4 {e h )b + 2r 9 e h b e h b b 5 4 {e h )b Q b Q 5 4 {e h )b 
+ 2r 9 e h b e h bob S 4 (e h )b 5 4 (e h )b Q b + %r 9 e h e h b b b b 8 4 (e h )b Q 8 4 {e h )b 
+ 2r 9 e h e h b Q b bo5 4 (e h )bob 5 4 {e h )b + 2r 9 e h e h b b b 5 4 {e h )b 5 4 {e h )b b 

- r 7 b b Q 5 4 (e h )e h b b 5 4 {e h )b - 2r 7 b S 4 {e h )e h b b b S 4 (e h )b 

- r 7 b S 4 (e h )e h bob S 4 (e h )b bo - 16r 7 e h b b b S 4 (e h )b S 4 {e h )b 

- r 7 e h b b e h b b S 4 5 4 (e h )b - 8r 7 e h b b S 4 (e h )b b S 4 (e h )b Q 
~ 8r 7 e h b bo5 4 {e h )b 6 4 (e h )bob a - 2r 7 e h b e h bob b S 4 S 4 (e h )bo 

- r 7 e h boe h b b 6 4 6 4 (e h )b b - 3r 7 e h e h bobob b 5 4 5 4 (e h )b a 

- r 7 e h e h bob b 6 4 S 4 (e h )b b Q + 5/2r 5 b b 6 4 (e h )b S 4 (e h )b 
+ 2r 3 b b S 4 {e h )e- h 5 4 (e h )b () + 5/2r 5 b S 4 (e h )b b S 4 (e h )bo 
+ 5/2r 5 b 6 4 (e h )b S 4 (e h )b b + 2r 3 b S 4 {e h )e- h S 4 {e h )b b 
+ 6r 5 e h b bob S 4 S 4 (e h )bo + 3r 5 e h b b d 4 S 4 {e h )b bo 

- 2r 3 b b Q 5 4 5 4 (e h )bo - 2r 3 b S 4 S 4 (e h )b b . 

We use the rearrangement lemma of [IT] to integrate the above terms with respect 
to r from to oo. We recall this lemma here: 

Lemma 5.1. For any m = (mo, mi, . . . , me) € Zt^ 1 and elements pi, . . . , pe € 
C°°{Tj), we have 

I {eku+i)** n p^ hu + ^ du = «- (n - i) ^(A(d, • ■ ■ , a W ) ( n ft) - 

where 

f°° a;l m l- 2 JL / Jj \-mj 
F m (u 1 ,...,u e ) = (a , + 1)Wo 11 [x[[u h + l) dx, 
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A(a) = e~ h ae h , a € C(T$). 



Here, A^-) signifies the action of A on pj. 
Then, we use the identities (cf. [TT| I14j) 



e-^ i (e ft )= 5l (A)( ( 5 < (ft)), 

e -^ 2 (e' l )^g 1 (A)( ( 5 l 2 W ) + 2 32 (A (1) ,A (2) )( ( 5 l (/ l ) ( 5 4 (/ l )), 



where 



u — 1 
logu ' 



92{u,v) 



u(v — 1) log(zt) — (it — 1) log(u) 
log(u) log(w)(log(u) + log(u)) ' 



and obtain the final formula for the scalar curvature in terms of V = log A and h, 
which is recorded in the following theorem. 

Theorem 5.1. The scalar curvature R ofTg, up to a factor ofir 2 , is equal to 



(12) 
where 



- h K(V) ( J2 # (&)) + e~ h H(V (1) , V (2) ) ( *M 



K(s) = 
H(s,t) 



1 - e 



2s ' 

e" 8 "' ((-e s - 3) s (e* - 1) + (e s - 1) (3e* + 1) t) 
Ast{s + t) ' 



We analyse the functions K,H, which describe the scalar curvature of T|, as 
follows. The Taylor expansion of K at is of the form 



K(s) 



1 s s 2 



2 4 12 48 240 1440 



+ o(, 6 ) 



We have lim s _ > ._ 00 K(s) = oo, lim^oo -K'(s) = 0, and here is the graph of this 
function: 




Graph of the function K. 
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This function is not bounded from below on the main diagonal as for 

e" 2s (e s - l) 2 



H(s,s) 



4s 2 



we have lim s _ i ._ 00 H(s, s) = — oo, and lim s _ yoo H(s, s) = 0. At we have the Taylor 
expansion 



H(a,a) = -- 



4 4 48 16 1440 160 
and here is the graph of this function: 







-I 


— J 

-0.5 






-1.0 






-1.5 






-2.0 






-2.5 





Graph of the map s h-> H(s, s). 
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On the other diagonal, H is neither bounded below nor bounded above as we 
have 

H(s,-s) = — , 

4s^ 

which implies that lim s _>._ 0o H(s, — s) = — oo, lims^oo H(s, — s) = oo. This function 
has the following Taylor expansion at 



H(s, -s) = - 
and here is its graph: 



1 



6 48 120 1440 5040 



O 




Graph of the map s t— > H(s, — s). 



Remark 5.1. Since K(0) = 1/2 and H(0,0) = —1/4, in the commutative case, 
the scalar curvature given by ( |12[ ) reduces to 

yE(tfW-^W 9 ). 

which, up to a normalization factor, is the scalar curvature of the ordinary A-torus 
equipped with the metric e~ h (dx\ + • • • + dx\). 

5.2. Einstein-Hilbert action for Tg. A natural analogue of the Einstein-Hilbcrt 
action for Tg is ipo(R), where R is the scalar curvature given by (12). In the 
following theorem we find an explicit formula for this action. 

Theorem 5.2. A local expression for the Einstein-Hilbert action for Tg, up to a 
factor of ir 2 , is given by 

1 4 4 
(13) MR) = 2^°{J2 e ~^ 2 W) + ¥>o ( E G(y)(e~ h 8i(h))6i{h)) , 

i=l i=l 

where 

. -4s - 3e- s + e s + 2 
G(s) = 



4s 2 

Proof. Let us recall from Theorem 5.1 that up to a factor of 7r 2 



4 4 



R = er h K{V) ( £ 8f{h)) + e- h H(V {1} , V (2) ) ( £ ^(h)' 

i=l i=l 

Writing if as a Fourier transform 

K(s) = f e- ius f{u)du, 
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we have 

ip (e- h K(V)(6*(h))) = J ^ o (e- h A-^(Snh)))f(u)du^K(0)Me- h Snh))- 
Also, by writing H as a Fourier transform 

H(s,t) = J e- l{su+t ^g(u,v) dudv, 

we have 

^(e-^VfD.Vp,)^^) 2 )) 
= f w(e- h A- m (5 l (h))A- tv (5 t (h)))g(u,v)dudv 

i Po (A- l{u - v) {e- h 5 l {h))5 l {h))g(u,v)dudv 
y (H{V,-V)(e- h 5i{h))5i{h)). 

( R ) = \<Po ( 2 e- h 5*(h)) +Vo(Yl G ( V ) (e~ h <5<W)* (&)) , 



Therefore 
where 



4s - 3e~ s + e s 
4s2 



□ 



5.3. Extremum of the Einstein-Hilbert action for T|. We show that the 
Einstein- Hilbcrt action ipo(R) attains its maximum if and only if the Weyl factor 
e~ h is a constant. This is done by combining the two terms in the explicit formula 
(13 1 for ipo(R), and observing that it can be expressed by a non- negative function. 
We note that the function G in (13), which was analysed in Subsection 5.1 is 
neither bounded below nor bounded above. 

Theorem 5.3. The maximum of the Einstein-Hilbert action is equal to 0, and it is 
attained if and only if the Weyl factor is a constant. That is, for any Weyl factor 
e- h ,h = h* e C°°(T*), we have 

MR) < o, 

and the equality happens if and only if h is a constant. 



Proof. We can combine the two terms in ( 13 1 as follows. We have 

<po{e- h ${h)) = -M^(e- h Mh)) 

= vo(e- h S i (e h )e- h 6 l (h)) 
= i Po (e- h 8 l (h)e~ h S,(e h )) 



log A 

Vo(e-^(/i)^i(^(/i)) 
^o(e- he -^^(S i (h))S i (h)) 
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The last equality follows from the fact that for any entire function F, one has 

Me- h aF(V)(b)) = ip (e- h F(-V)(a)b), a, b G C(T$). 
Therefore we can write d 1 3h as 



MR) 



1 _ h e^-l 



(14) 
where 



E 

i=l 
4 

i=l 



(6i(h))8i(h) + G(V)(e- h 6i(h))6i(h) 



1 e~ s - 1 
T(s) = -— —+G( S ) 



-2s + e s - e- s (2s + 3) + 2 

4s 2 ~ 
The Taylor expansion of T at is of the form 

o5 



T(s) 



+ O (s 6 ) 



4 12 16 80 288 2016 
We have lim^oo T(s) = oo, lim s _ > _ 00 = oo. Moreover, this function is non-negative 
as its absolute minimum is approximately 0.218207 which is attained around s — 
0.812394. Here is the graph of this function: 




Graph of the function T. 



Since T is a non-negative function and &i{h)* = —8i{h) for i = 1, . . . , 4, we have 
<p (e- h T(V)(5 i (h))5 i (h)) = -^ (e- /l T(V)(<5 i (/ l ))5 i (/ l )*) < 0. 

In the last inequality we have used the fact that V is a selfadjoint operator with 
respect to the inner product 

(a,b) = cp (e~ h b*a), o,kC(4 

Also, faithfulness of ipo implies that for each i = 1, . . . , 4, 

Vo (e- h T(W)(S l (h))5 l (h))=0 



if and only if Si(h) = 0. Thus, it follows from (14 1 that 

4 

MR) = E ^o(e- h T(V)(^(/i))^(/i)) < 0, 

i=l 

and the equality happens if and only 5i(h) = for all i = 1, . . . , 4, which holds if 
and only if ft, is a constant. 

□ 
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